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Introduction
Parametric likelihood methods are powerful infer-
ential tools when the distribution of the data is
known, but is an unrealistic assumption in prac-
tice.
When parametric assumptions are violated, infer-
ences can be inaccurate. Empirical Likelihood
(EL) is a flexible nonparametric approach that does
not specify a distribution. Rather, a likelihood
is constructed from the observed data, allowing
for greater flexibility while retaining the principled
likelihood framework.
We study the estimation of treatment effects be-
tween control and treatment groups, focusing on
the Average Treatment Effect (ATE) and a more
general Linear Treatment Effect (LTE).

Definitions
Consider a control sample (x1, . . . , xn) and treat-
ment sample (y1, . . . , yn).

Average Treatment Effect (ATE) is the change
in mean outcome under treatment:

ATE = ∆ = µtmt − µctr

Linear Treatment Effect (LTE) is the change
in both location and scale:

∆µ = µtmt − µctr and ∆σ =
σtmt

σctr

LTE = (∆µ,∆σ)

Empirical Likelihood (EL): Assign probabilities
pi to observed xi, i = 1, . . . , n, and qj to observed
yj , j = 1, . . . ,m. Then, the EL statistic is

Λn,m = L(p,q) =
∏n

i=1 pi
∏m

j=1 qj (∗)

subject to
∑

pi =
∑

qj = 1, and pi, qj > 0.

EL’s utility lies in being able to incorporate addi-
tional constraints for the parameters of interest.

Average Treatment Effect
If the samples are assumed to come from normal
populations with common variance, a 100(1− α)%
likelihood ratio confidence interval for is{
∆ : (n+m) log

(
1 +

nm[∆− (ȳ − x̄)]2

(n+m)2σ̂2

)
≤ χ2

1, 1−α

}
.

For EL, we construct a comparable CI by maximiz-
ing (∗) subject to additional constraints∑n

i=1 pixi = µ and
∑m

j=1 qjyj = µ+∆.

This yields the confidence region{
∆ : 2

m∑
j=1

log
(
1 + νy(yj − µ+∆)

)
+ 2

n∑
i=1

log
(
1 + νx(xi − µ)

)
≤ χ2

1, 1−α

}
where νx, νy are Lagrange multipliers.

Coverage Comparison: We compare empirical
coverage levels of the Normal LRT and EL confi-
dence intervals as r = Var(Y )/Var(X) varies for
normal data (i.e., non-equal group variances).
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r = Var(Y) Var(X)
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Conservative Scenario: m = 4n.
Anti-Conservative: m = n/4.

The Normal approximation over- or under-covers
depending on r. EL maintains coverage close to
the 95% target with little sensitivity to r.

Linear Treatment Effect
ATE Limitation: Captures shift in the mean,
but does not reflect changes in variability between
groups.
EL maximizes (∗) subject to constraints∑n

i=1 pi(xi − µ)2 = σ2 and∑m
j=1 qj(yj − µ−∆µ)

2 = ∆2
σσ

2.

The confidence region for (∆µ,∆σ) is found in a
similar way to the ATE CI. We illustrate the adap-
tive shape of these for two simulated examples with
n = m.
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n = 25
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Bartlett Correction
Small-sample issue: EL LRT tends to under-
cover when n,m are small.
Solution: Bartlett Correction rescales the LRT
statistic Λn,m in (∗) to better match the limiting
χ2

df distribution. Find cn,m so that

E

[
Λn,m

1 + cn,m

]
= df.

The Bartlett Correction reduces coverage error and
improves accuracy in finite samples. Without cor-
rection, the EL statistic deviates substantially from
χ2; the Bartlett correction restores close agree-
ment, except in the extreme tail.
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Simulated coverage of LTE confidence regions (tar-
get is 95% coverage):

n Uncor. Bartlett
10 0.745 0.976
25 0.828 0.908

Simulated Accuracy (K = 1000)

Conclusion & Future Works
EL allows for flexible, nonparametric estimation of
LTE parameters. Next steps: Evaluate on real data
and test suitability of LTE model.


